1. Introduction. Interest in the questions of Diophantine definability and decidability goes back to a question that was posed by Hilbert: Given an arbitrary polynomial equation in several variables over Z, is there a uniform algorithm to determine whether such an equation has solutions in Z? This question, otherwise known as Hilbert's tenth problem, has been answered negatively in the work of M. Davis, H. Putnam, J. Robinson, and Yu. Matijasevich (see [2] and [3]). Since the time when this result was obtained, similar questions have been raised for other fields and rings. Arguably the two most interesting and difficult problems in the area are the questions of Diophantine decidability of Q and the rings of algebraic integers of arbitrary number fields. One way to resolve the question of Diophantine decidability negatively over a ring of characteristic zero is to construct a Diophantine definition of Z over such a ring. This notion is defined below.
∃ x 1 , . . . , x n ∈ R, f (t, x 1 , . . . , x n ) = 0 ⇐⇒ t ∈ A.
If the quotient field of R is not algebraically closed, it can be shown that we can allow the Diophantine definition to consist of several polynomials without changing the nature of the relationship (for more details see [3] ). Such Diophantine definitions have been obtained for Z over the rings of algebraic integers of the following fields: totally real extensions of Q, their extensions of degree 2, fields with exactly one pair of complex conjugate embeddings, and some fields of degree 4. For more details concerning these results see [4] , [5] , [6] , [13] , [15] , and [16] . However, not much progress has been made towards resolving the Diophantine problem of Q. Furthermore, one of the consequences of a series of conjectures by Mazur and Colliot-Thélène, SwinnertonDyer, and Skorobogatov is that Z does not have a Diophantine definition over Q, and thus one would have to look to some other method for resolving the Diophantine problem of Q. (Mazur's conjectures can be found in [10] and [11] . However, Colliot-Thélène, Swinnerton-Dyer, and Skorobogatov gave a counterexample to the strongest of the conjectures in the papers cited above. Their modification of Mazur's conjecture in view of the counterexample can be found in [1] .) Given the difficulty of the Diophantine problem for Q (and number fields in general), one might adopt a gradual approach, that is, one might consider the Diophantine problem of a recursive ring of W -integers, which is defined below for any product formula field. Definition 1.2. Let M be a product formula field (i.e., an algebraic function field in one variable or a number field) and let W be a set of its non-Archimedean primes. Then a ring
is called a holomorphy ring of M if M is a function field and a ring of W -integers in the case of number fields. (The term W -integers usually presupposes that W is finite, but we also use this term for infinite W .) Furthermore, we might wonder if rational (algebraic) integers are existentially definable in any such subring of a number field, where W is infinite. (This result is known for finite W ; see Theorem 1.3 below.) In [18] , we established the following result.
Theorem (Theorem 4.5 in [18] In this paper we improve this result in two ways. First of all, we show that this result is true for all nontrivial totally real extensions of Q. Second, we give some estimates on the density of the prime sets involved. In particular, we prove the following theorem. 
As a corollary of this theorem, we obtain the following result. • O M is definable over O M,W .
• The density of W is greater than 1 − δ.
• The density of the set of rational primes below W is greater than 1 − δ.
Before we proceed with the details of the proof, we need to discuss some of the known facts concerning Diophantine definability over number fields. First of all, we have the following theorem, whose proof can be found in [17] . 
By Proposition 1.6, we know that this system of equations can be replaced by an equivalent system of equations with coefficients in G. The system over G can, in turn, be replaced by a single equivalent polynomial equation over G.
Then there exists
Q(t 1 , . . . , t r , u 1 , . . . , u w , x 1,1 , . . . , x s,l ) ∈ G[t 1 , . . . , t r , u 1 , . . . , u w , x 1,1 , . . . , x s,l ] such that ∀t 1 , . . . , t r ∈ O G,W G , ∃ u 1 , . . . , u w ∈ O G,W G , X 1 , . . . , X s ∈ O M,U M , P (t 1 , . . . , t r , u 1 , . . . , u w , X 1 , . . . , X s ) = 0 ⇐⇒ ∃ u 1 , . . . , u w , x 1,1 , . . . , x s,l ∈O G,W G , Q(t 1 , . . . , t r , u 1 , . . . , u w , x 1,1 , . . . , x s,l ) = 0.
Note that O M,U M is not necessarily the integral closure in M of any ring of W Gintegers.
Proof. By Theorem 1.3 and by Corollary 1.5, there exists a polynomial
Now the rest of the proof follows by Proposition 1.7.
Notation and assumptions.
In this section, we describe the notation that is used for the remainder of the paper. We also prove some technical results concerning units in number fields. The properties of units described below are the foundations of our Diophantine definitions.
Notation 2.1.
• Let M/F denote a nontrivial finite extension of totally real fields of degree m.
• Let L denote a totally complex extension of F of degree 2.
• Let K denote a totally real cyclic extension of F of degree p > max(n+1, m+1).
• The product of any two fields from the triple of fields (M G , K, L) is linearly disjoint from the third one over F and over M.
• P F splits completely in the extension KL/F .
• Let δ ∈ O KL denote a generator of MKL over M and a generator of KL over F .
• Let φ ∈ O M denote a generator of M over F .
• Let V M denote the set of primes of M dividing the discriminant of φ, and let D denote a natural number divisible by all the primes of V M .
• Let V KM G denote the set of all the primes of M either dividing the discriminant of δ G or one of the coefficients of the monic irreducible polynomial of δ G over M. • Let k ∈ N denote a constant defined as in Lemma 2.4.
• Let h M , h F denote the class numbers of M and F , respectively.
• Let c ∈ N denote the constant defined in Lemma 3.1.
• Let a P F denote a fixed element of N, such that a P F ∼ = 0 modulo P F .
Proposition 2.2. There exists α ∈ KL satisfying the following requirements.
Proof. Let U KL,P F be the multiplicative group of P F -units of KL, that is, the multiplicative group of elements of KL whose divisors consist of factors of P F in KL only. By generalized Dirichlet's unit theorem (see [12, p. 77] ), the rank of this group is equal to np +2p −1 = (n+2)p −1, where np is the number of independent Archimedean valuations on KL, and 2p is the number of non-Archimedean valuations on KL restricting to the P F -adic valuation on F . (We remind the reader that, by assumption, P F splits completely in KL.)
Let U K,P F be the group of P F -units of K defined analogously to U KL,P F . The rank of that unit group is np + p − 1 = (n + 1)p − 1. Since the norm map from KL to K sends U KL,P F to U K,P F , we must conclude that the rank of the kernel is equal to p > n+ 1. Thus there exists β ∈ KL whose divisor consists of factors of P F only such that N KL/K (β) = 1 and β is not a root of unity. Let β 1 = β, . . . , β p be all the conjugates of β over L. If for all i = 2, . . . , p, β = ξ i β i , where ξ i is a root of unity, then some power of β is in U L,P F , where U L,P F is the multiplicative group of P Funits in L. The rank of U L,P F is equal to n + 2 − 1 = n + 1 < p. Thus, there exists β ∈ U LK,P F such that N KL/K (β) = 1 and for some 2 ≤ i ≤ p, β/β i is not a root of unity. Further, for all i = 1, . . . , p, 
Bounds.
This section is devoted to establishing polynomial ways to bound the heights. 
Assume also that for every embedding σ : M → C and for every root γ of H G (T ),
Then there exists a constant c > 0 depending on
M, H G (T ), and F only such that
where the product is taken over all roots γ of
Using the fact that |N KM G /Q (β)| ≥ 1, we can conclude that
On the other hand, using i = 0 and the assumption (3.2), we can conclude that
and also
From (3.6) and an argument similar to the one used to prove Lemma 3. 
for all σ -embeddings of M into C. Using (3.7) and Lemma A.1, we can now conclude that
where d i ∈ F , and for all embeddings σ of F into C, ables a 0,j , . . . , a 2p−1,j , b 0,j , . . . , b 2p−1,j , x, x r , w r,0 , . . . , w r 
Lemma 4.2. Suppose the following equations and conditions are satisfied in vari-
,[KM G :Q] , U 0,r , U 2p−1,r , v 0,r , . . . , v 2p−1,r over O M,W K M ∪{P M } for all r = 1, . . . , h M , j = 1, . . . , h M + 2:α j = 2p−1 i=0 a i,j δ i , β j = 2p−1 i=0 b i,j δ i ; (4.1) N MKL/KM β j = 1; (4.2) N MKL/LM β j = 1; (4.3) α j = β k j ; (4.4) x r = a P F (x + s r ) h M ,H G (x r − l i ) , i = 0, . . . , KM G : Q ; (4.6) U 0,r + U 1,r δ + · · · + U 2p−1,r δ 2p−1 = α r+2 − 1 α 2 − 1 ; (4.7) x r − U 0,r + U 1,r δ + · · · + U 2p−1,r δ 2p−1 = a ch F 1,1 v 0,r + v 1,r δ + · · · + v 2p−1,r δ 2p−1 . (4.8)
Assume also that for every embedding σ : KM G → C and for every root γ of H G (T ),
Proof. First of all, we observe that ord
From (4.5) we deduce that for all r, x r ∼ = 0 modulo P M , and by assumption, for all i, l i is equivalent to zero modulo P M . Thus, our assertion is true. Since 
Let A be the divisor of a 1,1 . Then A = BC, where B has a product of primes from W K F and powers of P F in the denominator and numerator, while C is an integral divisor composed of primes
Therefore, by Lemma 3.1 we can conclude the following: 
Hence,
where 
where
Further, by the strong approximation theorem, there exists 2)-(4.4) . Furthermore, by Lemma 2.3, the divisors of α and β are composed of factors of P M = P F . Using an argument similar to the one used in [18, Lemma 2.6 and Corollary 2.7], one can show that for any integral divisor A of F relatively prime to P F , there exists a natural number s such that the following conditions are satisfied.
• β s ∼ = 1 mod A in the integral closure of O M,P M in MKL.
• The coordinates of β s with respect to the power basis of δ are in O M,P M .
• 
. Observe that
, chosen in such a manner, also satisfy (4.1)-(4.4).
Now we are ready to state the first of our main theorems. M and W M is less than 1/p and thus can be made arbitrarily small by letting p be arbitrarily large. Thus it is sufficient to compute the density of W M . Let U M be the set of all the M-primes above totally splitting primes of F . Then the density of U M is 1. We can obtain the density of W M from the density of U M by subtracting the density of the set consisting of single factors of every totally splitting prime of F . The density of that set is exactly the same as the density of the set of all the primes in F totally splitting in M, since their Q-norms are the same. This density is equal to 1/m. Therefore, the density of W M is 1 − (1/m) as required. • O M is definable over O M,W .
E (see [9, Proposition 25] .) Let x ∈ M and assume x has a negative order at Q. Then H (x) has a negative order at Q. On the other hand, suppose x is integral at Q and H (x) has positive order at Q. Then H (T ) has a root modulo Q and thus a linear factor modulo Q. This implies Q has a factor of relative degree 1 in E in contradiction of our assumption. 
